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Abstract In an elliptic curve group the arithmetic of computing 𝑛 scalar multiplica-
tions then adding them together is called 𝑛-scalar multiplication. Pippenger’s bucket
method is the fastest algorithm to compute 𝑛-scalar multiplication when 𝑛 is large. In
order to optimize the computation of 𝑛-scalar multiplication over fixed points with
the help of precomputation, two new constructions of bucket set that can be utilized
in the context of Pippenger-like algorithm are proposed. The first construction de-
creases the bucket size to 𝑞/3 for radix 𝑞. The second construction shrinks down
the bucket size to about 𝑞/(2ℓ) for prime radix 𝑞 and small integer ℓ. Those two
bucket set constructions yield two faster algorithms computing 𝑛-scalar multiplica-
tion. When instantiating with a 256-bit group order, which approximately provides
128-bit security, for 216 ≤ 𝑛 ≤ 220, our proposed constructions save more than 20%
point additions comparing to the Pippenger’s bucket method. Our second construc-
tion saves 4% to 10% point additions comparing to the variant of Pippenger’s bucket
method.

1 Introduction

Pippenger’s bucket method was first introduced in [21] for the evaluation of powers
and monomials in general number fields. With the increasing importance of privacy-
preserving computation, it is now widely used to compute 𝑛-scalar multiplication,
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the arithmetic that dominates the time consumption in paring-based zero-knowledge
succinct non-interactive arguments of knowledge (zkSNARKs) [15].

In the pairing-based trusted setup zkSNARKs, it usually follows such a norm that
the prover generates the proof by computing 𝑛-scalar multiplication over fixed points,
where all fixed elliptic curve points are welded into the common reference string,
and the verifier checks the proof by computing another multi-scalar multiplication,
as well as several bilinear parings. The number of points 𝑛 is usually large. By
the qualifier large, it means 𝑛 > 215 in this paper. It covers most of the pairing-
based trusted setup zkSNARK applications. For example, one of the most popular
applications is using zkSNARK to prove the knowledge of preimage for SHA-256.
A SHA-256 circuit has 22, 272 AND gates [10], so 𝑛 ought to be larger than 22, 272.
The more complicated an arithmetic circuit is, the larger 𝑛 would be. When 𝑛 is
large, the computation of 𝑛-scalar multiplication is time-consuming, hence taking
up vast majority of the time in zkSNARKs for generating and verifying the proof.

There are various methods of calculating 𝑛-scalar multiplication. The trivial
method is computing each single-scalar multiplication by doubling and addition al-
gorithm (it is also known as square and multiplication algorithm in the multiplicative
group) [16, Section 4.6.3], then sequentially adding 𝑛 intermediate results together.
When the points are fixed, precomputation can be utilized, one of the representative
methods is Knuth’s window algorithm [16, 6]. Other attempts to either accelerate
computation or do trade-off between time and memory include trying to represent
the scalar with creative number systems such as basic digit sets [18, 7] and multi-
base number systems [11, 23, 24], trying to do the point addition more efficiently
by utilizing different coordinates such as projective coordinates and Jacobian co-
ordinates, trying to use different differential addition chains [20, 4, 9, 22] together
with Montgomery form that permits 𝑥-only arithmetic [19], trying to decompose the
scalar into multiple small scalars using GLV method and GLS method [14, 13], and
so on.

When it comes to the computation of 𝑛-scalar multiplication over fixed points with
large 𝑛, Pippenger’s algorithm and its variants would outperform other competitors
by a large margin [21, 5]. As of today, some well-known zkSNARK applications
and libraries that utilize Pippenger’s algorithm to compute MSM over fixed points
include Bellman[1], gnark [2], TurboPLONK [12], Zcash [3].

Those observations stimulate us to optimize 𝑛-scalar multiplication algorithms
over fix points. We thus present our two main results. For positive integer 𝑛, we
propose the first Pippenger-like algorithm that computes 𝑛-scalar multiplication in
an elliptic curve group of order 𝑟 with at most 𝑛ℎ + 𝑞/3 additions, with the help of
2𝑛ℎ precomputed points, where 𝑞 is a power of 2, and 𝑞ℎ−1 < 𝑟 ≤ (𝑞/2−1)𝑞ℎ−1. We
propose the second Pippenger-like algorithm that computes 𝑛-scalar multiplication
with at most 𝑛ℎ + 𝑞/(2ℓ) additions, with the help of ℓ𝑛ℎ precomputed points,
where 𝑞 is a prime such that 2 is a primitive element in the finite field F𝑞 , and
𝑞ℎ−1 < 𝑟 ≤ 2ℓ−1𝑞ℎ−1.

The paper is organized as follows. We first review in Section 2 Pippenger’s bucket
method and its variant, laying the foundation for our newly proposed algorithms. Then
in Section 3, we give the general methodology of computing 𝑛-scalar multiplication.
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We use this methodology to present our new algorithms as well as explain the old.
Section 4 is dedicated to our two constructions of bucket set and multiplier set,
which yield two new algorithms that outperform existing Pippenger’s bucket method
and its variant. As a reference, we present the instantiation analysis in Appendix to
demonstrate the power of our constructions.

Before diving into the content, let us first introduce the notations used throughout
the paper.

Notations. Without special explanation hereinafter, let 𝐸 be an elliptic curve
group and 𝑟 be its order. Let ⌊𝑥⌋ be the largest integer that is equal to or smaller than
𝑥, and ⌈𝑥⌉ be the smallest integer that is equal to or greater than 𝑥. Let len(𝑥) be the
bit length of 𝑥.

Notation 𝑆𝑛,𝑟 represents the following 𝑛-scalar multiplication,

𝑆𝑛,𝑟 = 𝑎1𝑃1 + 𝑎2𝑃2 + · · · + 𝑎𝑛𝑃𝑛, (1)

where 𝑎𝑖’s are integers such that 0 ≤ 𝑎𝑖 < 𝑟 and 𝑃𝑖’s are given points in 𝐸 . Radix
𝑞 is a positive integer used to express a scalar in the radix 𝑞 representation. Positive
integer ℎ is the length of a scalar in its radix 𝑞 representation, i.e., ℎ = ⌈log𝑞 𝑟⌉.
The term 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 refers to the point addition arithmetic in 𝐸 . Let us assume for
simplicity that the computational cost of doubling and addition in 𝐸 are the same,
denoted as 𝐴. This follows the norm because in Pippenger-like algorithms, the ma-
jority of the computation is addition. The memory size of a point in 𝐸 is denoted as 𝑃.

2 Pippenger’s bucket method and its variants

In this section, Pippenger’s bucket method and its variant are reviewed. Although
more than 40 years have passed since the original paper [21] was published, Pip-
penger’s bucket method and its variant are still the state-of-the-art algorithms to
compute 𝑆𝑛,𝑟 with large 𝑛.

2.1 Pippenger’s bucket method

Here we review Pippenger’s bucket method presented in [5, Section 4], which is a
special instance of Pippenger’s algorithm [21]. It was originally used to compute
multi-scalar multiplication in the context of large batch signature verification.

If 𝑟 is small enough, then
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𝑆𝑛,𝑟 =

𝑛∑︁
𝑖=1

𝑎𝑖𝑃𝑖

=

𝑛∑︁
𝑖=1

(
𝑟−1∑︁
𝑘=1

𝑘 ·
∑︁

𝑖 𝑠.𝑡 . 𝑎𝑖=𝑘

𝑃𝑖

)
=

𝑟−1∑︁
𝑘=1

𝑘 ·
(

𝑛∑︁
𝑖=1

∑︁
𝑖 𝑠.𝑡 . 𝑎𝑖=𝑘

𝑃𝑖

)
.

(2)

Define intermediate subsum (or bucket sum) 𝑆𝑘 ,

𝑆𝑘 =

𝑛∑︁
𝑖=1

∑︁
𝑖 𝑠.𝑡 . 𝑎𝑖=𝑘

𝑃𝑖 , 1 ≤ 𝑘 < 𝑟, (3)

then

𝑆𝑛,𝑟 =

𝑟−1∑︁
𝑘=1

𝑘𝑆𝑘 . (4)

𝑆𝑛,𝑟 is computed by first evaluating all 𝑆𝑘 (1 ≤ 𝑘 < 𝑟) with at most 𝑛 − (𝑟 − 1)
additions, because there are 𝑛 points being sorted into 𝑟 − 1 subsums, then by using
the following method showed in Equation (5) with at most 2(𝑟 − 2) additions to
complete the computation,

𝑑∑︁
𝑖=1

𝑖𝑆𝑖 =

𝑑∑︁
𝑖=1

𝑖∑︁
𝑗=1

𝑆𝑖 =

𝑑∑︁
𝑗=1

𝑑∑︁
𝑖= 𝑗

𝑆𝑖 . (5)

To sum up, when 𝑟 is small, the cost of computing 𝑆𝑛,𝑟 is at most 𝑛 + 𝑟 − 3 additions.

In practical zkSNARK applications, 𝑟 is usually very big, for example, 𝑟 is at
least 2256 in order to achieve 128-bit security. To compute 𝑆𝑛,𝑟 in this scenario,
Pippenger’s bucket method starts with breaking down the scalars. Let 𝑞 = 2𝑐 be the
radix, where 𝑐 is a small positive integer. For scalar 𝑎𝑖 (0 ≤ 𝑎𝑖 < 𝑟), suppose its
𝑞-ary representation is

𝑎𝑖 =

ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗𝑞
𝑗 , 0 ≤ 𝑎𝑖 𝑗 < 𝑞, 1 ≤ 𝑖 ≤ 𝑛,

where ℎ = ⌈log𝑞 𝑟⌉. Then 𝑆𝑛,𝑟 can be computed as follows,

𝑆𝑛,𝑟 =

𝑛∑︁
𝑖=0

𝑎𝑖𝑃𝑖 =

𝑛∑︁
𝑖=1

©­«
ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗𝑞
𝑗ª®¬ 𝑃𝑖

=

ℎ−1∑︁
𝑗=0

𝑞 𝑗

(
𝑛∑︁
𝑖=1

𝑎𝑖 𝑗𝑃𝑖

)
.

(6)
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Let us denote 𝑄 𝑗 =
∑𝑛

𝑖=1 𝑎𝑖 𝑗𝑃𝑖 . The computation of 𝑄 𝑗 boils down to the afore-
mentioned case where every scalar is smaller than 𝑞, thus each 𝑄 𝑗 can be evaluated
using at most

𝑛 + 𝑞 − 3 (7)

additions. The rest is

𝑆𝑛,𝑟 =

ℎ−1∑︁
𝑗=0

𝑞 𝑗𝑄 𝑗 , (8)

then 𝑆𝑛,𝑟 can be evaluated by the following Equation (9) similar to Horner’s rule,

𝑆𝑛,𝑟 = 𝑄0 + 𝑞 (𝑄1 + 𝑞 (𝑄2 + 𝑞 (𝑄3 + · · · + 𝑞 (𝑄ℎ−2 + 𝑞𝑄ℎ−1) · · · ))) . (9)

The intermediate scalar multiplications like 𝑞 · 𝑄ℎ−1 are evaluated by doubling
and addition algorithm with (len(𝑞) + hw(𝑞) − 1) additions, where hw(𝑞) is the
number of 1 in 𝑞’s binary expression, and this executes ℎ − 1 times. So Equation (9)
takes

(ℎ − 1) · (len(𝑞) + hw(𝑞) − 1).

additions considering 1 extra addition to add 𝑄 𝑗 every time.
When 𝑞 = 2𝑐, len(𝑞) = 𝑐 + 1, hw(𝑞) = 1. The total cost would be at most

ℎ(𝑛 + 𝑞 − 3) + (ℎ − 1) · (𝑐 + 1) ≈ ℎ(𝑛 + 𝑞) (10)

additions. Given 𝑛 and 𝑟 , radix 𝑞 is carefully selected to minimize the cost of
computing 𝑆𝑛,𝑟 .

2.2 The variant of Pippenger’s bucket method

One drawback of Pippenger’s bucket method presented in the previous section is that
in order to compute all 𝑄 𝑗 ’s in Equation (8), the accumulation method showed in
Equation (5) is executed ℎ times. This can be further optimized if precomputation is
used. Here we introduce the well-known variant presented in [8] that bypasses this
shortcoming.

Let 𝑞 = 2𝑐 be the radix, where 𝑐 is a small positive integer. For scalar 𝑎𝑖 (0 ≤
𝑎𝑖 < 𝑟), suppose its 𝑞-ary representation is

𝑎𝑖 =

ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗𝑞
𝑗 , 0 ≤ 𝑎𝑖 𝑗 < 𝑞, 1 ≤ 𝑖 ≤ 𝑛,

where ℎ = ⌈log𝑞 𝑟⌉. Then 𝑆𝑛,𝑟 can be computed as follows,
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𝑆𝑛,𝑟 =

𝑛∑︁
𝑖=0

𝑎𝑖𝑃𝑖 =

𝑛∑︁
𝑖=1

©­«
ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗𝑞
𝑗ª®¬ 𝑃𝑖

=

𝑛∑︁
𝑖=1

ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗 · 𝑞 𝑗𝑃𝑖 .

(11)

If the following points

{𝑞 𝑗𝑃𝑖 | 1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ ℎ − 1},

are precomputed, which requires the storage cost of

𝑛ℎ · 𝑃,

then 𝑆𝑛,𝑟 = 𝑆𝑛ℎ,𝑞 boils down to the case where all scalars are smaller than 𝑞. The
cost is at most

𝑛ℎ + 𝑞 − 3

additions.

2.3 Further optimization

In the elliptic curve group, −𝑃 can be easily computed from 𝑃 by negating its 𝑦

coordinate. This observation can be utilized to further optimize the computation of
𝑆𝑛,𝑟 .

Suppose 𝑞ℎ−1 < 𝑟 ≤ (𝑞/2− 1)𝑞ℎ−1 (the assumption ensures 𝑎ℎ−1 ≤ 𝑞/2.), let us
express scalar 𝑎 (0 ≤ 𝑎 < 𝑟) in such a way that the absolute value of every digit is
no more than 𝑞/2, i.e.,

𝑎 =

ℎ−1∑︁
𝑗=0

𝑎 𝑗𝑞
𝑗 , where − 𝑞

2
≤ 𝑎 𝑗 ≤

𝑞

2
.

The cost of Pippenger’s bucket method to compute 𝑆𝑛,𝑟 would be at most approx-
imately

𝑛

(
ℎ + 𝑞

2

)
additions, since Equation (7) is reduced to roughly 𝑛 + 𝑞/2 when evaluating each
𝑄 𝑗 . And the cost of its variant to compute 𝑆𝑛,𝑟 becomes at most approximately

𝑛ℎ + 𝑞

2

additions due to the similar reason, with the help of
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𝑛ℎ

precomputed points.

2.4 Comparisons of multi-scalar multiplication algorithms

We summarize in Table 1 the precomputation storage and the computational cost of
computing 𝑆𝑛,𝑟 over fixed points by the aforementioned methods, together with our
new constructions proposed in Section 4.

Here 𝑞 is the radix, ℎ = ⌈log𝑞 (𝑟)⌉, ℓ is a small integer such that 2ℓ < 𝑞. Radix
𝑞 should be selected to minimize the computational cost. For Pippenger’s bucket
method, its variant and our first construction, it should be satisfied that 𝑞 is a
power of 2, and 𝑞ℎ−1 < 𝑟 ≤ (𝑞/2 − 1)𝑞ℎ−1. For our second construction, it should
be satisfied that 𝑞 is a prime, 2 is a primitive element in the finite field F𝑞 , and
𝑞ℎ−1 < 𝑟 ≤ 2ℓ−1𝑞ℎ−1.

Table 1 Comparison of different methods that computes 𝑆𝑛,𝑟
Method Storage Worst case cost

Pippenger [21, 5] 𝑛 · 𝑃 ℎ (𝑛 + 𝑞/2) · 𝐴
Pippenger variant [8] 𝑛ℎ · 𝑃 (𝑛ℎ + 𝑞/2) · 𝐴

Construction I [this paper] 2𝑛ℎ · 𝑃 (𝑛ℎ + 𝑞/3) · 𝐴
Construction II [this paper] ℓ𝑛ℎ · 𝑃 (𝑛ℎ + 𝑞/(2ℓ ) ) · 𝐴

3 Methodology of computing multi-scalar multiplication

The goal of this section is to establish a methodology of computing 𝑆𝑛,𝑟 . This
methodology is inspired by [8] and initially presented in [17]1. It is used to derive
our new algorithms, and it is suitable for explaining the old as well. Before we dive
into the methodology, let us first present a new subsum accumulation method.

1 The paper [17] is submitted to TCHES 2023 and is under revision following reviewers’ comments.
For the sake of completeness, we introduce in this paper the methodology. The reasoning and detailed
analysis will be available once the revision of [17] is done.
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3.1 A new subsum accumulation method

When computing 𝑆𝑛,𝑟 over fixed points by Pippenger’s bucket method, one first eval-
uates intermediate subsums 𝑆𝑖 ′𝑠 {1 ≤ 𝑖 ≤ 𝑚}, then utilizes the subsum accumulation
method showed in Equation (5) to evaluate

∑𝑚
𝑖=1 𝑖𝑆𝑖 using 2(𝑚 − 1) additions.

If we want to compute

𝑆 = 𝑏1𝑆1 + 𝑏2𝑆2 + · · · + 𝑏𝑚𝑆𝑚,

where 1 ≤ 𝑏1 ≤ 𝑏2 ≤ · · · ≤ 𝑏𝑚, and {𝑏𝑖}1≤𝑖≤𝑚 is not a sequence of consecutive
integers, the method in Equation (5) still can handle it using 2(𝑏𝑚 − 1) additions by
assigning some of the subsums to be 0. But we can do better. Here we introduce the
method presented in [17] that handles this case.

Define 𝑏0 = 0, 𝑑 = max1≤𝑖≤𝑚{𝑏𝑖 − 𝑏𝑖−1}, 𝛿 𝑗 = 𝑏 𝑗 − 𝑏 𝑗−1, then 𝑏𝑖 =
∑𝑖

𝑗=1 𝛿 𝑗 . 𝑆
can be computed by the following equation,

𝑆 =

𝑚∑︁
𝑖=1

𝑏𝑖𝑆𝑖 =

𝑚∑︁
𝑖=1

©­«
𝑖∑︁
𝑗=1

𝛿 𝑗
ª®¬ 𝑆𝑖

=

𝑚∑︁
𝑗=1

𝛿 𝑗

(
𝑚∑︁
𝑖= 𝑗

𝑆𝑖

)
=

𝑑∑︁
𝑘=1

𝑘

𝑚∑︁
𝑗=1, 𝛿 𝑗=𝑘

(
𝑚∑︁
𝑖= 𝑗

𝑆𝑖

)
.

(12)

In Equation (12), every
∑𝑚

𝑗=1, 𝛿 𝑗=𝑘
(∑𝑚

𝑖= 𝑗 𝑆𝑖) is computed first, then method in Equa-
tion (5) is utilized to complete the computation. It can be demonstrated that the cost
of Equation (12) is at most 2𝑚 + 𝑑 − 3 additions.

3.2 The methodology

In order to compute 𝑆𝑛,𝑟 , one starts with breaking down the scalars. Let 𝑀 be a
set of integers and 𝐵 a set of non-negative integers and 0 ∈ 𝐵. Suppose scalar
𝑎𝑖 (0 ≤ 𝑎𝑖 < 𝑟) is given in its 𝑞-ary standard representation

𝑎𝑖 =

ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗𝑞
𝑗 , 0 ≤ 𝑎𝑖 𝑗 < 𝑞, 1 ≤ 𝑖 ≤ 𝑛.

If we can find a method to break down every 𝑎𝑖 𝑗 into the product of an element from
𝑀 and another element from 𝐵, i.e.,

𝑎𝑖 𝑗 = 𝑚𝑖 𝑗𝑏𝑖 𝑗 , 𝑚𝑖 𝑗 ∈ 𝑀, 𝑏𝑖 𝑗 ∈ 𝐵,
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then 𝑆𝑛,𝑟 can be rewritten as,

𝑆𝑛,𝑟 =

𝑛∑︁
𝑖=1

(
ℎ−1∑︁
𝑗=0

𝑎𝑖 𝑗𝑞
𝑗 )𝑃𝑖 =

𝑛∑︁
𝑖=1

ℎ−1∑︁
𝑗=0

𝑏𝑖 𝑗 · 𝑚𝑖 𝑗𝑞
𝑗𝑃𝑖 . (13)

If those 𝑛ℎ |𝑀 | points

{𝑃𝑖 𝑗 | 𝑃𝑖 𝑗 = 𝑚𝑞 𝑗𝑃𝑖 , 1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ ℎ − 1, 𝑚 ∈ 𝑀} (14)

are precomputed, then 𝑆𝑛,𝑟 is transformed into an 𝑛ℎ-scalar multiplication where
every scalar is from 𝐵. It can be computed by first computing all intermediate
subsums corresponding to 𝑏𝑖 𝑗 with at most 𝑛ℎ − (|𝐵 | − 1) additions, since there are
𝑛ℎ points being sorted into |𝐵 | − 1 subsums. Then using Equation (12) with at most
2( |𝐵 | − 1) + 𝑑 − 3 additions (since 0 ∈ 𝐵) to complete the computation, where 𝑑 is
the maximum difference between two neighbor elements in 𝐵.

Following this methodology, 𝑆𝑛,𝑟 can be evaluated using at most

𝑛ℎ + |𝐵| + 𝑑 − 4 (15)

additions, given that those
𝑛ℎ|𝑀 | (16)

points in Equation (14) are precomputed.
Because the precomputed points are those multiplied by the element from 𝑀 ,

the set 𝑀 is called a multiplier set. Because all the subsums are corresponding
to the scalars in 𝐵, the set 𝐵 is called a bucket set. Under this methodology, the
variant of Pippenger’s bucket method has 𝑀 = {1}, 𝐵 = {0, 1, 2, ..., 2𝑐 − 1}, or
𝑀 = {−1, 1}, 𝐵 = {0, 1, 2, ..., 2𝑐−1}.

3.3 Trade-off between computational cost and precomputation

When the precomputation memory is limited, the following two popular techniques
can be used. Those trade-offs are not adopted in our algorithms when we do the
instantiation in Appendix.

Use the accumulation multiple times

One can precompute only the following 𝑛|𝑀 | points

{𝑚𝑃𝑖 | 1 ≤ 𝑖 ≤ 𝑛, 𝑚 ∈ 𝑀} (17)

and then obtain an algorithm similar to the Pippenger’s bucket method by using ℎ

times the subsum accumulation Equation (12). The total cost is approximately at
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most
ℎ(𝑛 + |𝐵 |)

additions.

Endomorphism

Another popular technique to shrink down the precomputation size is endomorphism.
One may reduce the precomputation size by approximately a factor of 2 using an
easily computable endomorphism such as GLV endomorphism that enables us to
compute half of the precomputed points on the fly [14].

Suppose GLV endomorphism 𝜓 : (𝑥, 𝑦) ↦→ (𝜉𝑥, 𝑦), where 𝜉3 = 1 is applicable
in the elliptic curve group 𝐸 of order 𝑟 . Denote 𝜓(𝑃) = 𝜆𝑃, then endomorphism
𝜓 provides a shortcut to obtain 𝜆𝑃 with the cost of only one field multiplication.
One can replace the single scalar multiplication 𝑎𝑃 by the 2-scalar multiplication
𝑎0𝑃 + 𝑎1𝜓(𝑃), where 𝑎 = 𝑎0 + 𝑎1𝜆 and |𝑎0 |, |𝑎1 | ≈

√
𝑟. It follows that

𝑆𝑛,𝑟 =

𝑛∑︁
𝑖=1

𝑎𝑖𝑃𝑖 =

𝑛∑︁
𝑖=1

(𝑎0,𝑖 + 𝑎1,𝑖𝜆)𝑃𝑖

=

𝑛∑︁
𝑖=1

(𝑎0,𝑖𝑃𝑖 + 𝑎1,𝑖 · 𝜆𝑃𝑖) =
𝑛∑︁
𝑖=1

(𝑎0,𝑖𝑃𝑖 + 𝑎1,𝑖 · 𝜓(𝑃𝑖)).
(18)

Let us rearrange the above equation as a 2𝑛-scalar multiplication where the scalar
is no more than

√
𝑟, and renumber the scalars, so above equation is equivalent to the

computation of

𝑆2𝑛,
√
𝑟 =

𝑛∑︁
𝑖=1

𝑎𝑖𝑃𝑖 +
𝑛∑︁
𝑖=1

𝑎𝑛+𝑖 · 𝜓(𝑃𝑖). (19)

Note that when we apply the methodology to 𝑆2𝑛,
√
𝑟 ,

ℎ′ = ⌈log𝑞
√
𝑟⌉ = ⌈(log𝑞 𝑟)/2⌉ = ⌈ℎ/2⌉ .

And the following |𝑀 |𝑛ℎ′ points are precomputed,

{𝑚𝑞 𝑗𝑃𝑖 | 𝑚 ∈ 𝑀, 1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ ℎ′}.

Given aforementioned precomputed points, one can compute

{𝑚𝑞 𝑗𝜓(𝑃𝑖) | 𝑚 ∈ 𝑀, 1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ ℎ′}

on the fly with ℓ𝑛ℎ′ field multiplications because 𝑚𝑞 𝑗𝜓(𝑃𝑖) = 𝜓(𝑚𝑞 𝑗𝑃𝑖). The
computation of 𝑆𝑛,𝑟 = 𝑆2𝑛,

√
𝑟 would cost at most approximately

2𝑛 · ℎ′ + |𝐵 | = 𝑛 · 2⌈ℎ/2⌉ + |𝐵 |
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additions.

4 The constructions of multiplier set and bucket set

In this section, we construct two pairs of multiplier set and bucket set (𝑀, 𝐵) that
can be utilized to speed up the computation of 𝑆𝑛,𝑟 over fixed points under the
methodology presented in Section 3.2. The essential difficulty is to construct bucket
set 𝐵 with smaller size.

Given a scalar 𝑎 (0 ≤ 𝑎 < 𝑟) in its standard 𝑞-ary representation

𝑎 =

ℎ−1∑︁
𝑗=0

𝑎 𝑗𝑞
𝑗 , 0 ≤ 𝑎 𝑗 < 𝑞, (20)

we will show that our constructions enable to convert scalar 𝑎 to its radix 𝑞 represen-
tation where every digit is the product of an element from 𝑀 and an element from
𝐵, thus yielding efficient 𝑆𝑛,𝑟 computation algorithms by Section 3.2.

4.1 First construction

Let 𝑞 be a power of 2, 𝑞 = 2𝑐, and let 𝑞ℎ−1 < 𝑟 ≤ (𝑞/2 − 1)𝑞ℎ−1. The multiplier set
is defined as

𝑀 = {−2,−1, 1, 2}, (21)

The corresponding bucket set is constructed as

𝐵 = {0} ∪ { 𝑖 | 𝜔2 (𝑖) ≡ 0 mod 2, 1 ≤ 𝑖 ≤ 𝑞/2}, (22)

where 𝜔2 (𝑖) represents the exponent of factor 2 in 𝑖. Explicitly, if 𝑖 = 2𝑒𝑘, 2 ∤ 𝑘 ,
then 𝜔2 (𝑖) = 𝑒.

Claim For the multiplier set 𝑀 and bucket set 𝐵 defined in equations (21) (22),
scalar 𝑎 (0 ≤ 𝑎 < 𝑟) can be expressed as follows

𝑎 =

ℎ−1∑︁
𝑗=0

𝑚 𝑗𝑏 𝑗𝑞
𝑗 , 𝑚 𝑗 ∈ 𝑀, 𝑏 𝑗 ∈ 𝐵. (23)

Proof Let us first demonstrate that for arbitrary integer 𝑡 ∈ [0, 𝑞], it can be decom-
posed to

𝑡 = 𝑚𝑏 − 𝛼𝑞, 𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵, 𝛼 ∈ {−1, 0}.

• If 𝑡 ∈ [0, 𝑞/2], from the construction of 𝐵 there exists an element 𝑏 ∈ 𝐵 such that
𝑡 = 𝑏 or 𝑡 = 2𝑏. In this case 𝛼 = 0.
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• If 𝑡 ∈ (𝑞/2, 𝑞], then 𝑞 − 𝑡 lies in [0, 𝑞/2], which goes back to the aforementioned
case. Thus there exists an element 𝑏 ∈ 𝐵 such that 𝑞 − 𝑡 = 𝑏 or 𝑞 − 𝑡 = 2𝑏, which
means 𝑡 = (−1) · 𝑏 − (−1) · 𝛼 or 𝑡 = (−2) · 𝑏 − (−1) · 𝛼. In this case 𝛼 = −1. □

Back to the claim, notice the following facts that
i) 𝑎0 ∈ [0, 𝑞 − 1],
ii) −𝛼 𝑗 + 𝑎 𝑗+1 ∈ [0, 𝑞] for all 0 ≤ 𝑗 ≤ ℎ − 3,
iii) −𝛼ℎ−2 + 𝑎ℎ−1 ∈ [0, 𝑞/2].
Given scalar 𝑎 in its standard 𝑞-ary representation defined in Equation (20), one

first decomposes 𝑎𝑖 = 𝑚𝑖𝑏𝑖 −𝛼𝑖𝑞, then update 𝑎𝑖+1 to be −𝛼𝑖 +𝑎𝑖+1 for 0 ≤ 𝑖 ≤ ℎ−2.
The conversion is done.

For every 𝑡 ∈ [0, 𝑞], a hash table 𝐻 can be precomputed to store its decomposition,
i.e., 𝐻 (𝑡) = (𝑚, 𝑏, 𝛼) such that 𝑡 = 𝑚𝑏 − 𝛼𝑞, 𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵, 𝛼 ∈ {−1, 0}. Values
𝑚, 𝑏 and 𝛼 can be retrieved from the hash table instead of being computed on the
fly.

The size of 𝐵 is estimated by

|𝐵 | = 1 +
∞∑︁
𝑖=1

(−1)𝑖+1
⌊ 𝑞

2𝑖
⌋

= 1 +
𝑐∑︁
𝑖=1

(−1)𝑖+1 · 𝑞
2𝑖

=
𝑞 + (−1)𝑐+1

3
+ 1

<
𝑞

3
+ 1.

(24)

The maximum difference between two neighbor elements in 𝐵 is 2. By the com-
putational cost estimation formula presented in Equation (15), the cost of computing
𝑆𝑛,𝑟 over fixed points will be at most

𝑛ℎ + 𝑞

3
− 1, where ℎ = ⌈log𝑞 𝑟⌉ . (25)

Theorem 4.1 Suppose 𝑞 is a power of 2 and 𝑞ℎ−1 < 𝑟 ≤ (𝑞/2 − 1)𝑞ℎ−1. The
multiplier set and bucket set defined in equations (21) (22) yield an algorithm to
compute 𝑆𝑛,𝑟 over fixed points using at most

𝑛ℎ + 𝑞

3
− 1

additions, with the help of 2𝑛ℎ precomputed points{
𝑚𝑞 𝑗𝑃𝑖 | 1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ ℎ − 1, 𝑚 ∈ {1, 2}

}
.

For point 𝑃 = (𝑥, 𝑦) in 𝐸 with short Weierstrass form, −𝑃 = (𝑥,−𝑦) can be
obtained for almost no cost, so the precomputed points associated with negative
elements in 𝑀 are excluded.
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4.2 Second construction

Let 𝑞 be a prime such that 2 is a primitive element in the finite field F𝑞 , and ℓ a small
positive integer such that 2ℓ < 𝑞 and 𝑞ℎ−1 < 𝑟 ≤ 2ℓ−1𝑞ℎ−1. The multiplier set is
picked as

𝑀 = {2𝑖 | 0 ≤ 𝑖 ≤ ℓ − 1} ∪ {−2𝑖 | 0 ≤ 𝑖 ≤ ℓ − 1}, (26)

and the corresponding bucket set is constructed as

𝐵 = {𝑖 | 0 ≤ 𝑖 ≤ 2ℓ } ∪
{
2𝑖 ·ℓ mod 𝑞 | 0 ≤ 𝑖 ≤

⌊
(𝑞 − 1)

2ℓ

⌋}
. (27)

The idea behind the construction is that

{𝑖 | − 2ℓ−1 ≤ 𝑖 ≤ 𝑞 + 2ℓ − 1} ⊆ {𝑚𝑏 − 𝛼𝑞 | 𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵}. (28)

Claim For the multiplier set 𝑀 and bucket set 𝐵 defined in equations (26) (27),
scalar 𝑎 (0 ≤ 𝑎 < 𝑟) can be expressed (not necessarily uniquely) as follows

𝑎 =

ℎ−1∑︁
𝑗=0

𝑚 𝑗𝑏 𝑗𝑞
𝑗 , 𝑚 𝑗 ∈ 𝑀, 𝑏 𝑗 ∈ 𝐵. (29)

Proof We first show the following lemma.

Lemma 4.2 Arbitrary integer 𝑡 ∈ [−2ℓ−1, 𝑞+2ℓ−1] can be expressed (not uniquely)
as

𝑡 = 𝑚𝑏 − 𝛼𝑞, 𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵,−2ℓ−1 ≤ 𝛼 ≤ 2ℓ−1 − 1. (30)

• If 𝑡 ∈ [−2ℓ−1, 2ℓ], then 𝑡 = 1 · |𝑡 | or 𝑡 = −1 · |𝑡 |, thus 𝑚 = ±1 ∈ 𝑀, 𝑏 = |𝑡 | ∈
𝐵, 𝛼 = 0.

• If 𝑡 ∈ [2ℓ−1 + 1, 𝑞 − 1], notice that 2(𝑞−1)/2 = −1 mod 𝑞 because 2 is a primitive
element in F𝑞 , then

{𝑡 | 1 ≤ 𝑡 ≤ 𝑞 − 1} = {2𝑖 mod 𝑞 | 0 ≤ 𝑖 ≤ 𝑞 − 2}
=

{
2𝑖 mod 𝑞 | 0 ≤ 𝑖 ≤ (𝑞 − 1)/2

}
∪

{
−2𝑖 mod 𝑞 | 1 ≤ 𝑖 ≤ (𝑞 − 3)/2

}
.

If 𝑡 ∈ {2𝑖 mod 𝑞 | 0 ≤ 𝑖 ≤ (𝑞 − 1)/2}, then

𝑡 = 2𝑖ℓ+ 𝑗 mod 𝑞 (0 ≤ 𝑖 ≤ ⌊(𝑞 − 1)/(2ℓ)⌋ , 0 ≤ 𝑗 ≤ ℓ − 1)
= 2 𝑗 · (2𝑖ℓ mod 𝑞) mod 𝑞

= 𝑚𝑏 − 𝛼𝑞, where 0 ≤ 𝛼 ≤ 2ℓ−1 − 1.

If 𝑡 ∈ {−2𝑖 mod 𝑞 | 1 ≤ 𝑖 ≤ (𝑞 − 3)/2}, then 𝑞 − 𝑡 ∈ {2𝑖 mod 𝑞 | 0 ≤ 𝑖 ≤
(𝑞 − 1)/2}, so
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𝑞 − 𝑡 = 𝑚𝑏 − 𝛼𝑞, where 0 ≤ 𝛼 ≤ 2ℓ−1 − 1.

One can obtain that

𝑡 = 𝑞 − (𝑚𝑏 − 𝛼𝑞) = (−𝑚)𝑏 − (−1 − 𝛼)𝑞 = 𝑚′𝑏 − 𝛼′𝑞,

where 𝑚′ = −𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵 and 𝛼′ = −1 − 𝛼 ∈ [−2ℓ−1,−1].
• If 𝑡 ∈ [𝑞, 𝑞 + 2ℓ − 1], then 𝑡 = 𝑚𝑏 − 𝛼𝑞, where 𝑚 = 1, 𝑏 = 𝑡 − 𝑞 ∈ 𝐵, 𝛼 = −1.

Back to the claim, one can convert scalar 𝑎 from its standard 𝑞-ary representation
defined in Equation (20) to the radix 𝑞 representation defined in Equation (29) by first
decomposing 𝑎𝑖 = 𝑚𝑖𝑏𝑖 −𝛼𝑖𝑞, then updating 𝑎𝑖+1 to be −𝛼𝑖 + 𝑎𝑖+1 for 0 ≤ 𝑖 ≤ ℎ− 2.
Using Lemma 4.2, one can check that

i) 𝑎0 ∈ [0, 𝑞 − 1],
ii) −𝛼 𝑗 + 𝑎 𝑗+1 ∈ [1 − 2ℓ−1, 𝑞 + 2ℓ−1 − 1] for all 0 ≤ 𝑗 ≤ ℎ − 3,
iii) −𝛼ℎ−2 + 𝑎ℎ−1 ∈ [1 − 2ℓ−1, 2ℓ − 1].

Those facts ensure the correctness of the conversion. □

Similar to the first construction, for every 𝑡 ∈ [−2ℓ , 𝑞 + 2ℓ − 1], a hash table
𝐻 can be precomputed to store its decomposition, i.e., 𝐻 (𝑡) = (𝑚, 𝑏, 𝛼) such that
𝑡 = 𝑚𝑏 − 𝛼𝑞, 𝑚 ∈ 𝑀, 𝑏 ∈ 𝐵,−2ℓ−1 ≤ 𝛼 ≤ 2ℓ−1 − 1. In order to obtain the standard
𝑞-ary expression efficiently, 𝑞 can be selected from pseudo-Mersenne primes, i.e.,
𝑞 = 2𝑐 − 𝑒, where 𝑒 is a small integer. The algorithms presented in [?, ?] can convert
scalar 𝑎 from its binary form to its standard 𝑞-ary expression using only additions,
subtractions and bitwise operations.

For a small positive integer ℓ, the size of 𝐵 is no more than 2+2ℓ + ⌊(𝑞−1)/(2ℓ)⌋.
Denote maximum difference between two neighbor elements in sorted 𝐵 as 𝑑. By
the computational cost estimation formula presented in Equation (15), the cost of
computing 𝑆𝑛,𝑟 over fixed points will be at most

𝑛ℎ + 2ℓ +
⌊
𝑞 − 1

2ℓ

⌋
+ 𝑑 − 2, where ℎ = ⌈log𝑞 𝑟⌉ . (31)

Theorem 4.3 Suppose 𝑞 is a prime such that 2 is the primitive element in the finite
field F𝑞 , ℓ is a small positive integer such that 2ℓ < 𝑞 and 𝑞ℎ−1 < 𝑟 ≤ 2ℓ−1𝑞ℎ−1.
The multiplier set and bucket set defined in equations (26) (27) permit an algorithm
to compute 𝑆𝑛,𝑟 over fixed points using at most

𝑛ℎ + 2ℓ +
⌊
𝑞 − 1

2ℓ

⌋
+ 𝑑 − 2,

additions, with the help of ℓ𝑛ℎ precomputed points{
𝑚𝑞 𝑗𝑃𝑖 | 1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ ℎ − 1, 𝑚 ∈ {2𝑖 | 0 ≤ 𝑖 ≤ ℓ − 1}

}
.

The precomputed points associated with negative elements in 𝑀 are excluded. In
practice, the integer ℓ can be firstly determined according to the available memory,
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then radix 𝑞 is selected to minimize the computational cost. When ℓ is small enough,
so is 𝑑, the computational cost is at most approximately

𝑛ℎ + 𝑞

2ℓ
.
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Appendix

We instantiate our constructions over elliptic curve group whose order 𝑟 = 2256,
and present some comparisons against Pippenger’s bucket method and its variant.
The similar group size is typically used to provide around 128-bit security. For
instance, the subgroup size of the popular curve BLS12-381 in which a pairing-
based zkSNARK works is 255-bit.

For our constructions, we try to select radix 𝑞 that minimizes the number of
additions when computing 𝑆𝑛,𝑟 over fixed points. In order to permit fast scalar
conversion from the binary form to the radix 𝑞 representation, the radix 𝑞 is chosen
to be a power of 2 or a pseudo-Mersenne prime. We set ℓ = 6 to demonstrate the
effectiveness of our second construction, one can adjust ℓ according to the available
memory size.

The choice of 𝑞 is summarized in Table 2, and the number of additions taken to
compute 𝑆𝑛,𝑟 is summarized in Table 3.

Table 2 Radix 𝑞 employed by different methods to compute 𝑆𝑛,𝑟

𝑛 Pippenger Pippenger variant Construction 1 Construction 2
216 213 217 218 218 − 5
217 214 218 219 221 − 19
218 215 219 220 221 − 19
219 217 220 220 221 − 21
220 218 220 220 223 − 21
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